Za)j?a)u

International Mathematics Olgtol SLsL ) 4l
Y Tournament of Towns

(¥ a5 i ) (oo 4islne
Senior A level paper S o) (oo 9 ?
Spring 2010 VAN st

Sl 4la

(45" aslllan S35 L |y aaligeanly J gl domies ¢ 9 5 51 ey Lial)

A{L;lm‘lzi.éL}}a54;6@4&;#&»6&&;;&?4{6\4}59\)»&«4):6&&5CLJJQM\&.{MQT

[l V] Sy cdom oS

gL.,..JS:ﬂu;ld‘,?ybgfjli)a:;g\&dlba>o &f:&&l;wﬁﬁ.@\e&a:bgﬁgqtﬂdl
LT s aalsl G 5 mad 5 9 5 s QLo b 5 1) ool Oolabad 516K n e 3,0 @ &) Jool Slasd S5
Sl 21y 033 b s 53 53 Olsr 1y Slalad awn ¢ Alze 3lad 1 s 4 s plonil 1687 4 15 LIS pl Ll oo !

[Slaal Y] €als

[laal Y] as eal @ # ) (6b 8 oo side &5 61 alis ron 4 (00

sde N sde gy, arccot 4 arctan «arccos «arcsin «ot Jdan «os Sin L;l.ascl: 51 eslazal )\J§: Loly s LT

j:.]éi L;T“)L.G u‘.’.‘]’t" LJ}) )K 4.! ebﬁ-d.’ J‘ij 4.' .«b\jda cu jb) ?JJ_}T O d 4; b Yo\o C.?w

[5lzal #] (ol Sloea (S22 COS aresin cos simy

4 b OB S TS5 oy b 65 ol daadSle a cllodaT o 3 8 tlen 65 55 od 4 Aneddle Do
P epss p5os,S 53 diblodis 1) oS mie okd WL Lasl aen (gl g5 05,5 55 inh ol g5 53 1 glres 8
415 Ol dddle dan Ol o & AT ol sl o i 1 0T 05,5 oal Ko5 e eon 45 A3l odys 1) okd il pie
Sl s> oS okd 51 31 55 ol sl 53 il e S8 S L 25,5) S i 05,8 Voo ids

el 7] (s 5 0

Se9 ob)ssdaj.;dﬁi.laé.xfdﬂ C.SJ,> 6‘0;1‘5 & s (S 9) celw 6\.&4};&9@.@};}%)3)&)‘}.«: dw g o
ol Y sb ol 550 0311 4 &7 Sute & 0T &7 3,13 OGI LT 5,50 i (6 505 31 il g o ) 5l gu &S5 457 5,05

[Sleel V] Sias anlsl 3 5 (6,8 5 g s pslace 93495 5 Culb sl b

BE R W CD}ABCM‘ .la.«-') U::;@N}M‘b& el a@h@]fﬁﬁd‘oﬂbﬁABCD d&LAJLG-?
[lasl A Sl ¢S50 b a5 53 ¢SS ABCD oS s IM/AB=IN/CD « o5

|J@?J¢l>j>b)‘} o‘?d:QJ}w@QTruﬂw‘)ydu@wd‘jdﬁC.‘.w‘ou\.& o:‘b&:d&&
:J&,Aﬂt)fi1.16.\.:;5;“,.3\3.a\am\al%;MQ)>|>r\>,d|}geJuT¢#>4{@>w>J&Lg\ﬁ|))\fw

[Slanl A] sy (035 & (e 38 @ okl 0313 3 0 T3 LG Sl Y e ST L 015 oo onb

QA

¥

(v

(¥

O

*#

v



International Mathematics Olgial DLSL ) sl

Tournament of Towns

(¥ a oy o) o dblewe ?
Senior A level paper s o 9
Spring 2010 WWAA i

Sl 4la

(The result is computed from the three problems with the highest scores.)

Points

3

Problems

1.

Is it possible to arrange all lines in the plane into pairs of perpendicular lines such
that each line belongs to a single pair?

A piece of cheese is given. One may choose any irrational a > 0 and cut the piece
with ratio of weights 1: a, then cut any of existing pieces with the same ratio and so
on. Can one proceed so that after some finite number of cuts, all the cheese can be
gathered into two piles with equal weights?

The same question for a positive rational a # 1.

Can one obtain the integer 2010 by repeated application of functions sin, cos, tan,
cot, arcsin, arccos, arctan, arccot to the integer 1? (Each function may be applied
an arbitrary number of times, so that expressions like "sin cos arcsin cos sin" are
allowed.)

5000 movie fans gathered on a congress; each fan has seen at least one movie. The
participants should be separated into groups of two kinds. In a group of 1st kind, all
the members should have seen the same movie. In a group of 2nd kind, each
member should have seen such a movie that no other member of this group have
also seen it. Prove that it is possible to split all the fans into exactly 100 groups. (A
group consisting of a single person is allowed: then this person writes a report
about a film seen.)

Thirty three knights are riding along a circular road counterclockwise. There is a
single point on the road where a knight may surpass another one. Is it possible that
they ride for an arbitrarily long time with pairwise distinct constant speeds?

Quadrilateral ABCD is circumscribed around a circle with centre I. Points M and N
are the midpoints of sides AB and CD. Furthermore IM/AB = IN/CD. Prove that
ABCD is a trapezoid or a parallelogram.

A positive integer is given. One may place pluses between its digits in an arbitrary
way and determine the resulting sum (for example, starting from 123456789 one
may obtain 12345 + 6 + 789 = 13140). One may apply the same procedure to
the integer obtained and so on. Prove that starting from an arbitrary positive
integer, one can obtain a single-digit integer after not more than 10 procedures
described.



