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(The result is computed from the three problems with the highest scores; the scores for the individual parts of a

single problem are summed.)

points

problems

1.

Basil and Peter play the following game. Initially, there are two numbers on the board:
1/2009 and 1/2008. At each move, Basil chooses an arbitrary number x, and Peter
selects one of the numbers on the board and increases it by x. Basil wins if some
number on the board becomes equal to 1. Has Basil a way to win for any action of
Peter?

Prove that there exists a polygon which can be dissected by a line segment into two
equal parts so that some side of the polygon is divided in half, and another side at a
ratio of 1:2?

Does there exist a convex polygon with this property?

In each square of the board 101x101, except the central one, there is one of two
signs: "turn" or "straight". The chess piece "car" can enter any square on the
boundary of the board from outside (perpendicularly to the boundary). If the car
enters a square with the sign "straight" then the car goes to the next square in the
same direction. If the car enters a square with the sign "turn" then the car makes a
right-angle turn in any direction, by its choice. The central square of the board is
occupied by a house. Is it possible to place the signs so that the car cannot enter the
house?

We are given an infinite sequence of distinct positive integers. Each of its terms
(except the first one) is either the arithmetic mean or the geometric mean of two
neighboring terms. Is it necessary that in this sequence all terms starting from a
certain one are only arithmetic means or only geometric means of the neighboring
terms?

A castle is surrounded by a circular wall with 9 towers, and knights stand guard on
these towers. After an hour, each of them goes to a neighboring tower so that each
knight either moves always clockwise or counterclockwise. During a night, each knight
stands guard on each tower. During some hour there were not less than two knights
on each tower, and during another hour there were just 5 towers such that there was
just a single knight on each of them. Prove that during some hour there were no
knights on some tower.

Angle C in an isosceles triangle ABC equals 120°. Two rays go from vertex C inwards
the triangle. The angle between them equals 60°. The rays reflect from base AB
(according to the rule "the angle of incidence equals the angle of reflection") and
reach the lateral sides so that the original triangle is divided into 5 ones. Consider
those 3 triangles which adjoin side AB. Prove that the area of the middle triangle
equals the sum of areas of the two extreme ones.

Let (Z) be the number of ways that k objects can be chosen (regardless of order)
from a set of n objects. Prove that if positive integers k and [ are less than n, then

integers (Z) and (?) have a common divisor greater than 1.



