ﻣﺴﺎﺑﻘﻪ ﺗﻴﻤﻲ )ﺳﻄﺢ ﻋﺎﺩﯼ (۲
ﺍﺳﻔﻨﺪ ۱۳۸۹

)ﻟﻄﻔﺎ ﭘﻴﺶ ﺍﺯ ﺷﺮﻭﻉ ،ﺻﻔﺤﻪ ﺍﻭﻝ ﭘﺎﺳﺦﻧﺎﻣﻪ ﺭﺍ ﺑﺎ ﺩﻗﺖ ﻣﻄﺎﻟﻌﻪ ﮐﻨﻴﺪ(
 (۱ﻭﺟﻮﻩ ﻳﮏ ﭼﻨﺪﻭﺟﻬﻲ ﻣﺤﺪﺏ ﺍﺯ ﻣﺜﻠﺚﻫﺎﻱ ﻣﺘﺸﺎﺑﻪ ﺗﺸﮑﻴﻞ ﺷﺪﻩ ﺍﺳﺖ .ﺛﺎﺑﺖ ﮐﻨﻴﺪ ﮐﻪ ﭼﻨﺪ ﻭﺟﻬﻲ ﺩﺍﺭﺍﻱ ﺩﻭ
ﺟﻔﺖ ﺍﺯ ﻭﺟﻪﻫﺎﯼ ﻣﺴﺎﻭﻱ ﺍﺳﺖ )ﻳﮏ ﺟﻔﺖ ﺍﺯ ﻭﺟﻪﻫﺎﻱ ﻣﺴﺎﻭﻱ ،ﻭ ﻳﮏ ﺟﻔﺖ ﺩﻳﮕﺮ ﺍﺯ ﻭﺟﻪﻫﺎﻱ ﻣﺴﺎﻭﻱ(.
] ۳ﺍﻣﺘﻴﺎﺯ[
 (۲ﮐﺮﻡ ﺑﺎﻟﻎ ﻳﮏ ﻣﺘﺮ ﻃﻮﻝ ﺩﺍﺭﺩ .ﺍﮔﺮ ﮐﺮﻣﻲ ﺑﺎﻟﻎ ﺑﺎﺷﺪ ،ﻣﻲﺗﻮﺍﻥ ﺁﻥ ﺭﺍ ﺑﻪ ﺩﻭ ﻗﺴﻤﺖ )ﺑﺎ ﻧﺴﺒﺖ ﻃﻮﻝ ﺩﻝﺧﻮﺍﻩ( ﺗﻘﺴﻴﻢ
ﮐﺮﺩ ،ﺗﺎ ﺩﻭ ﮐﺮﻡ ﺟﺪﻳﺪ ﺑﻪ ﻭﺟﻮﺩ ﺁﻳﻨﺪ .ﻫﺮ ﻳﮏ ﺍﺯ ﺁﻥﻫﺎ ﺑﻼﻓﺎﺻﻠﻪ ﺑﺎ ﺳﺮﻋﺖ ﻳﮏ ﻣﺘﺮ ﺑﺮ ﺳﺎﻋﺖ ﺷﺮﻭﻉ ﺑﻪ ﺭﺷﺪ
ﻣﻲﮐﻨﺪ .ﻭﻗﺘﻲ ﻃﻮﻝ ﮐﺮﻣﻲ ﻳﮏ ﻣﺘﺮ ﻣﻲﺷﻮﺩ ،ﺭﺷﺪ ﺁﻥ ﻣﺘﻮﻗﻒ ﻣﻲﺷﻮﺩ ﻭ ﺑﺎﻟﻎ ﻣﻲﮔﺮﺩﺩ .ﺁﻳﺎ ﻣﻤﮑﻦ ﺍﺳﺖ ﺍﺯ ﻳﮏ
ﮐﺮﻡ ﺑﺎﻟﻎ ﺩﺭ ﮐﻢﺗﺮ ﺍﺯ ﻳﮏ ﺳﺎﻋﺖ ۱۰ ،ﮐﺮﻡ ﺑﺎﻟﻎ ﺑﻪ ﺩﺳﺖ ﺁﻭﺭﺩ؟ ] ۴ﺍﻣﺘﻴﺎﺯ[
 ۱۰۰ (۳ﺳﻨﮓ ﺳﻔﻴﺪ ﺩﻭﺭ ﺩﺍﻳﺮﻩﺍﻱ ﮔﺬﺍﺷﺘﻪ ﺷﺪﻩﺍﻧﺪ .ﻋﺪﺩ ﺻﺤﻴﺢ ˫ ﺑﻪ ﮔﻮﻧﻪﺍﻱ ﺩﺍﺩﻩ ﺷﺪﻩ ﺍﺳﺖ ﮐﻪ .۱ 3 ˫ 3 ۵۰
ﺩﺭ ﻫﺮ ﺣﺮﮐﺖ ˫ ،ﺳﻨﮓ ﻣﺘﻮﺍﻟﻲ ﺍﻧﺘﺨﺎﺏ ﻣﻲﮐﻨﻴﻢ ﺑﻪ ﻃﻮﺭﻱ ﮐﻪ ﺳﻨﮓ ﺍﺑﺘﺪﺍﻳﻲ ﻭ ﺍﻧﺘﻬﺎﻳﻲ ﺳﻔﻴﺪ ﺑﺎﺷﻨﺪ ،ﻭ ﺁﻥ ﺩﻭ
ﺳﻨﮓ ﺭﺍ ﺳﻴﺎﻩ ﻣﻲﮐﻨﻴﻢ .ﺑﺮﺍﻱ ﭼﻪ ﻣﻘﺎﺩﻳﺮﯼ ﺍﺯ ˫ ﻣﻲﺗﻮﺍﻥ ﻫﻤﻪ  ۱۰۰ﺳﻨﮓ ﺭﺍ ﺑﻌﺪ ﺍﺯ ﺍﻧﺠﺎﻡ ﺗﻌﺪﺍﺩﻱ ﺣﺮﮐﺖ ﻣﺸﺎﺑﻪ
ﺁﻥﭼﻪ ﮔﻔﺘﻪ ﺷﺪ ،ﺳﻴﺎﻩ ﮐﺮﺩ؟ ] ۴ﺍﻣﺘﻴﺎﺯ[
 (۴ﭼﻬﺎﺭ ﻋﻤﻮﺩ ﺍﺳﺘﺨﺮﺍﺝ ﺷﺪﻩ ﺍﺯ ﭼﻬﺎﺭ ﺭﺃﺱ ﺑﻪ ﺿﻠﻊﻫﺎﯼ ﻣﻘﺎﺑﻞ ﺩﺭ ﻳﮏ ﭘﻨﺞﺿﻠﻌﻲ ﻣﺤﺪﺏ ﺩﺭ ﻳﮏ ﻧﻘﻄﻪ ﺑﺎ ﻫﻢ
ﺑﺮﺧﻮﺭﺩ ﻣﻲﮐﻨﻨﺪ .ﺛﺎﺑﺖ ﮐﻨﻴﺪ ﮐﻪ ﻋﻤﻮﺩ ﺍﺳﺘﺨﺮﺍﺥ ﺷﺪﻩ ﻣﺸﺎﺑﻪ ﺍﺯ ﺭﺃﺱ ﭘﻨﺠﻢ ﻧﻴﺰ ﺍﺯ ﺍﻳﻦ ﻧﻘﻄﻪ ﻋﺒﻮﺭ ﻣﻲﮐﻨﺪ.
] ۵ﺍﻣﺘﻴﺎﺯ[
 (۵ﺩﺭ ﻳﮏ ﮐﺸﻮﺭ ۱۰۰ ،ﺷﻬﺮ ﻭ ﺗﻌﺪﺍﺩﻱ ﺭﺍﻩ ﻭﺟﻮﺩ ﺩﺍﺭﺩ .ﻫﺮ ﺭﺍﻩ ﺩﻭ ﺷﻬﺮ ﺭﺍ ﺑﻪ ﻫﻢ ﻣﺘﺼﻞ ﻣﻲﮐﻨﺪ ،ﻭ ﺭﺍﻩﻫﺎ ﺑﺎ
ﻳﮏﺩﻳﮕﺮ ﺑﺮﺧﻮﺭﺩ ﻧﻤﻲﮐﻨﻨﺪ .ﺩﺳﺖﺭﺳﻲ ﺍﺯ ﻫﺮ ﺷﻬﺮﻱ ﺑﻪ ﻫﺮ ﺷﻬﺮﻱ ﺑﺎ ﺣﺮﮐﺖ ﺩﺭ ﻃﻮﻝ ﺭﺍﻩﻫﺎ ﻣﻤﮑﻦ ﺍﺳﺖ .ﺛﺎﺑﺖ
ﮐﻨﻴﺪ ﮐﻪ ﻣﻲﺗﻮﺍﻥ ﺗﻌﺪﺍﺩﻱ ﺍﺯ ﺭﺍﻩﻫﺎ ﺭﺍ ﺭﺍﻩ ﺍﺻﻠﻲ ﺍﻋﻼﻡ ﮐﺮﺩ ،ﺑﻪ ﻃﻮﺭﻱ ﮐﻪ ﺗﻌﺪﺍﺩ ﻓﺮﺩﻱ ﺭﺍﻩ ﺍﺻﻠﻲ ﺍﺯ ﻫﺮ ﺷﻬﺮ ﻋﺒﻮﺭ
ﮐﻨﺪ ۵] .ﺍﻣﺘﻴﺎﺯ[
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ﺧﺎﻧﻪ ﺭﻳﺎﺿﻴﺎﺕ ﺍﺻﻔﻬﺎﻥ
(۲ ﻣﺴﺎﺑﻘﻪ ﺗﻴﻤﻲ )ﺳﻄﺢ ﻋﺎﺩﯼ
۱۳۸۹ ﺍﺳﻔﻨﺪ

(The result is computed from the three problems with the highest scores; the scores for the individual
parts of a single problem are summed.)

points
3

problems
1.

The faces of a convex polyhedron are similar triangles. Prove that the polyhedron
has two pairs of equal faces (a pair of equal faces and another pair of equal faces).

2.

A grown-up worm is 1 meter long. If a worm is grown-up, one can dissect it into
two parts (with an arbitrary ratio of lengths) so that two new worms arise. Each of
them immediately starts to grow at a speed of one meter per hour. When the

4

length of a worm reaches 1 meter, it stops growing and becomes grown-up. Is it
possible to obtain 10 grown-up worms from a single grown-up worm less than in
an hour?
3.

Along a circle, 100 white stones are placed. An integer ˫is given such that
ŵ 3 ˫ 3 ŹŴ. At each move, we choose any ˫ consecutive stones such that the first

4

and the last stone are white, and we repaint these two stones black. For which ˫ it
is possible to make all 100 stones black in some number of such moves?
4.

5

Four perpendiculars drawn from four vertices of a convex pentagon to the
opposite sides meet at the same point. Prove that the analogous fifth
perpendicular also passes through this point.

5.
5

In a country, there are 100 towns and some number of roads. Each road connects
two towns, and the roads don’t intersect. It is possible to reach any town from any
other town moving along the roads. Prove that it is possible to declare some roads
as main roads so that an odd number of main roads goes from each town.

