ﻣﺴﺎﺑﻘﻪ ﺗﻴﻤﻲ )ﺳﻄﺢ ﻣﺒﺘﺪﻱ (۲
ﺍﺳﻔﻨﺪ ۱۳۸۸

)ﻟﻄﻔﺎ ﭘﻴﺶ ﺍﺯ ﺷﺮﻭﻉ ،ﺻﻔﺤﻪ ﺍﻭﻝ ﭘﺎﺳﺦﻧﺎﻣﻪ ﺭﺍ ﺑﺎ ﺩﻗﺖ ﻣﻄﺎﻟﻌﻪ ﮐﻨﻴﺪ(
 ۲۰۱۰ (۱ﮐﺸﺘﻲ ﻣﻮﺯ ،ﻟﻴﻤﻮ ﻭ ﺁﻧﺎﻧﺎﺱ ﺍﺯ ﺁﻣﺮﻳﮑﺎﻱ ﺟﻨﻮﺑﻲ ﺑﻪ ﺭﻭﺳﻴﻪ ﺣﻤﻞ ﻣﻲﮐﻨﻨﺪ .ﺗﻌﺪﺍﺩ ﻣﻮﺯﻫﺎ ﺩﺭ ﻫﺮ ﮐﺸﺘﻲ ﺑﺮﺍﺑﺮ
ﻣﺠﻤﻮﻉ ﺗﻌﺪﺍﺩ ﻟﻴﻤﻮﻫﺎ ﺩﺭ ﮐﺸﺘﻲﻫﺎﻱ ﺩﻳﮕﺮ ﺍﺳﺖ ،ﻭ ﺗﻌﺪﺍﺩ ﻟﻴﻤﻮﻫﺎ ﺩﺭ ﻫﺮ ﮐﺸﺘﻲ ﺑﺮﺍﺑﺮ ﻣﺠﻤﻮﻉ ﺗﻌﺪﺍﺩ ﺁﻧﺎﻧﺎﺱﻫﺎﻱ ﺩﺭ
ﮐﺸﺘﻲﻫﺎﻱ ﺩﻳﮕﺮ ﺍﺳﺖ .ﺛﺎﺑﺖ ﮐﻨﻴﺪ ﺗﻌﺪﺍﺩ ﮐﻞ ﻣﻴﻮﻩﻫﺎ ﻣﻀﺮﺑﻲ ﺍﺯ  ۳۱ﺍﺳﺖ ۳] .ﺍﻣﺘﻴﺎﺯ[
 (۲ﺗﺎﺑﻊ ) f(xﺩﺍﺭﺍﻱ ﺍﻳﻦ ﻭﻳﮋﮔﻲ ﺍﺳﺖ :ﻫﺮ ﺧﻄﻲ ﺩﺭ ﺻﻔﺤﻪ  xyﺗﻌﺪﺍﺩ ﻧﻘﺎﻁ ﻣﺸﺘﺮﮎ ﺑﺮﺍﺑﺮﻱ ﺑﺎ ﻧﻤﻮﺩﺍﺭ ) y=f(xﻭ
ﺳﻬﻤﻲ y=x ۲ﺩﺍﺭﺩ .ﺛﺎﺑﺖ ﮐﻨﻴﺪ ﮐﻪ ) f(xﺩﻗﻴﻘﺎ ﺑﺮﺍﺑﺮ x ۲ﺍﺳﺖ ۴] .ﺍﻣﺘﻴﺎﺯ[
 (۳ﺁﻳﺎ ﻣﻤﮑﻦ ﺍﺳﺖ ﮐﻪ ﻭﺟﻮﻩ ﻳﮏ ﻫﺸﺖﻭﺟﻬﻲ ﻣﻨﺘﻈﻢ ﺭﺍ ﺑﺎ ﺗﻌﺪﺍﺩﻱ ﺷﺶﺿﻠﻌﻲ ﻣﻨﺘﻈﻢ ﺑﭙﻮﺷﺎﻧﻴﻢ ﺑﺪﻭﻥ ﺁﻥﮐﻪ ﺟﺎﻳﻲ
ﺧﺎﻟﻲ ﺑﻤﺎﻧﺪ ﻭ ﻳﺎ ﺷﺶﺿﻠﻌﻲﻫﺎ ﺭﻭﻱ ﻫﻢ ﻗﺮﺍﺭ ﺑﮕﻴﺮﻧﺪ؟ )ﻳﮏ ﻫﺸﺖﻭﺟﻬﻲ ﻣﻨﺘﻈﻢ ﺩﺍﺭﺍﻱ  ۶ﺭﺃﺱ ﺍﺳﺖ ،ﻫﻤﻪ ﻭﺟﻮﻩ
ﻣﺜﻠﺚﻫﺎﻱ ﻣﺘﺴﺎﻭﻱﺍﻻﺿﻼﻉ ﻫﺴﺘﻨﺪ ﻭ ﻫﺮ ﺭﺃﺱ ﺑﻪ  ۴ﻭﺟﻪ ﺗﻌﻠﻖ ﺩﺍﺭﺩ( ۵] .ﺍﻣﺘﻴﺎﺯ[
» (۴ﺑﺎﺭﻭﻥ ﻣﻨﭻﻫﺎﻭﺳﻦ« ﭘﻴﺸﻨﻬﺎﺩ ﻣﻲﮐﻨﺪ ﮐﻪ ﭼﻨﺪﺟﻤﻠﻪﺍﻱ ﻏﻴﺮﺛﺎﺑﺖ ) P(xﺭﺍ ﺑﺎ ﺿﺮﺍﻳﺐ ﺻﺤﻴﺢ ﻧﺎﻣﻨﻔﻲ ﺍﻧﺘﺨﺎﺏ ﮐﻨﻴﺪ ،ﻭ
ﺗﻨﻬﺎ ﻣﻘﺎﺩﻳﺮ ) P(۲ﻭ )) P(P(۲ﺭﺍ ﺑﻪ ﺍﻭ ﺑﮕﻮﻳﻴﺪ .ﺍﻭ ﺍﺩﻋﺎ ﻣﻲﮐﻨﺪ ﮐﻪ ﺍﺯ ﺭﻭﻱ ﺍﻳﻦ ﺍﻃﻼﻋﺎﺕ ﻣﻲﺗﻮﺍﻧﺪ ﭼﻨﺪﺟﻤﻠﻪﺍﻱ
ﺍﻧﺘﺨﺎﺏ ﺷﺪﻩ ﺭﺍ ﺑﺴﺎﺯﺩ .ﺁﻳﺎ ﺑﺎﺭﻭﻥ ﺍﺷﺘﺒﺎﻩ ﻧﻤﻲﮐﻨﺪ؟ ] ۵ﺍﻣﺘﻴﺎﺯ[
 (۵ﺳﻮﺯﻧﻲ ﺭﻭﻱ ﺻﻔﺤﻪ ﻗﺮﺍﺭ ﺩﺍﺭﺩ .ﻣﻲﺗﻮﺍﻥ ﺁﻥ ﺭﺍ ﺣﻮﻝ ﻫﺮ ﻳﮏ ﺍﺯ ﺩﻭ ﻧﻘﻄﻪ ﺍﻧﺘﻬﺎﻳﻲﺍﺵ  ۴۵°ﭼﺮﺧﺎﻧﺪ .ﺁﻳﺎ ﻣﻤﮑﻦ
ﺍﺳﺖ ﮐﻪ ﺑﻌﺪ ﺍﺯ ﺗﻌﺪﺍﺩﻱ ﺍﺯ ﺍﻳﻦ ﺩﻭﺭﺍﻥﻫﺎ ،ﺳﻮﺯﻥ ﺑﻪ ﺟﺎﻱ ﺍﻭﻟﺶ ﺑﺮﮔﺮﺩﺩ ﺍﻣﺎ ﺟﺎﻱ ﻧﻘﺎﻁ ﺍﻧﺘﻬﺎﻳﻲ ﺁﻥ ﻋﻮﺽ ﺷﺪﻩ
ﺑﺎﺷﺪ؟ )ﺳﻮﺯﻥ ﺭﺍ ﻣﺎﻧﻨﺪ ﻳﮏ ﭘﺎﺭﻩﺧﻂ ﺩﺭ ﻧﻈﺮ ﺑﮕﻴﺮﻳﺪ ۶] (.ﺍﻣﺘﻴﺎﺯ[
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ﺧﺎﻧﻪ ﺭﻳﺎﺿﻴﺎﺕ ﺍﺻﻔﻬﺎﻥ
(۲ ﻣﺴﺎﺑﻘﻪ ﺗﻴﻤﻲ )ﺳﻄﺢ ﻣﺒﺘﺪﻱ
۱۳۸۸ ﺍﺳﻔﻨﺪ

(The result is computed from the three problems with the highest scores; the scores for the individual
parts of a single problem are summed.)

points

problems
1.

2010 ships deliver bananas, lemons and pineapples from South America to Russia.
The number of bananas on each ship equals the number of lemons on the other

3

ships altogether, and the number of lemons on each ship equals the number of
pineapples on the other ships altogether. Prove that the total number of fruits is a
multiple of 31.
2.

A function  has the following feature: each line in the -plane has an equal
number of common points with the graph    and with the parabola     .

4

Prove that  is identically equal to   .
3.

Is it possible to cover the surface of a regular octahedron by several regular
hexagons without gaps and overlaps? (A regular octahedron has 6 vertices, all

5

facets are equilateral triangles, and each vertex belongs to 4 facets.)

4.

Baron Muenchhausen suggests to choose a non-constant polynomial   with
integer nonnegative coefficients and to let him know the values  2 and  2

5

only. He claims that from this data he always can restore the polynomial chosen.
Isn’t the baron wrong?
5.
6

A needle lies on the plane. One can rotate it in 45° around any of its endpoints. Is it
possible that after some number of such rotations the needle occupies the initial
position but its endpoints are interchanged? (Consider the needle as a segment.)

