ﻣﺴﺎﺑﻘﻪ ﺗﯿﻤﯽ )ﺳﻄﺢ ﭘﯿﺸﺮﻓﺘﻪ (۱
ﺍﺳﻔﻨﺪ ۱۳۹۴

ﺷﻤﺎﺭﻩ ﮔﺮ ﻭﻩ:

ﺧﺎﻧﻪ ﺭ ﯾﺎﺿﯿﺎﺕ ﺍﺻﻔﻬﺎﻥ
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)ﻟﻄﻔﺎ ﭘﻴﺶ ﺍﺯ ﺷﺮ ﻭﻉ ،ﺻﻔﺤﻪ ﺍﻭﻝ ﭘﺎﺳﺦﻧﺎﻣﻪ ﺭﺍ ﺑﺎ ﺩﻗﺖ ﻣﻄﺎﻟﻌﻪ ﮐﻨﻴﺪ(.
 .۱ﻫﻤﻪ ﺍﻋﺪﺍﺩ ﺻﺤﯿﺢ ﺍﺯ  ۱ﺗﺎ ﯾﮏ ﻣﯿﻠﯿﻮﻥ ﺭ ﻭﯼ ﯾﮏ ﻧﻮﺍﺭ ﺑﺎ ﯾﮏ ﺗﺮﺗﯿﺐ ﺩﻟﺨﻮﺍﻩ ﻧﻮﺷﺘﻪ ﺷﺪﻩ ﺍﺳﺖ .ﺳﭙﺲ ﻧﻮﺍﺭ ﺑﻪ ﺗﮑﻪﻫﺎﯾﯽ ﺑﺮ ﯾﺪﻩ
ﻣﯽﺷﻮﺩ ﮐﻪ ﻫﺮ ﺗﮑﻪ ﺷﺎﻣﻞ ﺩﻭ ﺭﻗﻢ ﻣﺘﻮﺍﻟﯽ ﺍﺳﺖ .ﺛﺎﺑﺖ ﮐﻨﯿﺪ ﺍﯾﻦ ﺗﮑﻪﻫﺎ ،ﺻﺮﻑ ﻧﻈﺮ ﺍﺯ ﺗﺮﺗﯿﺐ ﺍﻭﻟﯿﻪ ﺍﻋﺪﺍﺩ ،ﻗﻄﻌﺎً ﺷﺎﻣﻞ ﻫﻤﻪ ﺍﻋﺪﺍﺩ
ﺩﻭ ﺭﻗﻤﯽ ﻫﺴﺘﻨﺪ.

] ۴ﺍﻣﺘﯿﺎﺯ[

 .۲ﺁﯾﺎ ﺍﻋﺪﺍﺩ ﺻﺤﯿﺢ  aﻭ  bﻭﺟﻮﺩ ﺩﺍﺭﻧﺪ ﺑﻪ ﻃﻮﺭﯼ ﮐﻪ
ﺍﻟﻒ( ﻣﻌﺎﺩﻟﻪ  x۲ + ax + b = ۰ﻫﯿﭻ ﺭ ﯾﺸﻪ ﺣﻘﯿﻘﯽ ﻧﺪﺍﺭﺩ ﻭ ﻣﻌﺎﺩﻟﻪ  [x۲ ] + ax + b = ۰ﺣﺪﺍﻗﻞ ﯾﮏ ﺭ ﯾﺸﻪ ﺣﻘﯿﻘﯽ ﺩﺍﺭﺩ؟

] ۲ﺍﻣﺘﯿﺎﺯ[

ﺏ( ﻣﻌﺎﺩﻟﻪ  x۲ + ۲ax + b = ۰ﻫﯿﭻ ﺭ ﯾﺸﻪ ﺣﻘﯿﻘﯽ ﻧﺪﺍﺭﺩ ﻭ ﻣﻌﺎﺩﻟﻪ  [x۲ ] + ۲ax + b = ۰ﺣﺪﺍﻗﻞ ﯾﮏ ﺭ ﯾﺸﻪ ﺣﻘﯿﻘﯽ ﺩﺍﺭﺩ؟

] ۳ﺍﻣﺘﯿﺎﺯ[

)ﻣﻨﻈﻮﺭ ﺍﺯ ] [kﺟﺰء ﺻﺤﯿﺢ ﻋﺪﺩ  kﯾﻌﻨﯽ ﺑﺰ ﺭﮔﺘﺮ ﯾﻦ ﻋﺪﺩ ﺻﺤﯿﺢ ﮐﻮﭼﮑﺘﺮ ﯾﺎ ﻣﺴﺎﻭﯼ  kﺍﺳﺖ(.
 .۳ﯾﮏ ﻣﺮﺑﻊ ﺑﺎ ﺿﻠﻊ  ۱۰ﺩﺍﺩﻩ ﺷﺪﻩ ﺍﺳﺖ .ﺍﯾﻦ ﻣﺮﺑﻊ ﺭﺍ ﺑﻪ  ۱۰۰ﭼﻬﺎﺭﺿﻠﻌﯽ ﻫﻢﻧﻬﺸﺖ ﺑﺒﺮ ﯾﺪ ﺑﻄﻮﺭﯼ ﮐﻪ ﻫﺮ ﮐﺪﺍﻡ ﺍﺯ ﭼﻬﺎﺭﺿﻠﻌﯽﻫﺎ
√
ﺩﺭ ﯾﮏ ﺩﺍﯾﺮﻩ ﺑﻪ ﻗﻄﺮ  ۳ﻣﺤﺎﻁ ﺷﻮﺩ.

] ۶ﺍﻣﺘﯿﺎﺯ[

 .۴ﯾﮏ ﻃﺮﺍﺡ ،ﯾﮏ ﻣﮑﻌﺐ ﭼﻮﺑﯽ  ۵ × ۵ × ۵ﺭﺍ ﮔﺮﻓﺘﻪ ﻭ ﻫﺮ ﻭﺟﻪ ﺁﻥ ﺭﺍ ﺑﻪ ﻣﺮﺑﻊﻫﺎﯼ ﻭﺍﺣﺪ ﺗﻘﺴﯿﻢ ﮐﺮﺩﻩ ﻭ ﻫﺮ ﻣﺮﺑﻊ ﺭﺍ ﺑﻪ ﺭﻧﮓ ﺳﯿﺎﻩ،
ﺳﻔﯿﺪ ﯾﺎ ﻗﺮﻣﺰ ﺭﻧﮓ ﻣﯽﮐﻨﺪ ﺑﻪ ﻃﻮﺭﯼ ﮐﻪ ﻫﺮ ﺩﻭ ﻣﺮﺑﻊ ﺑﺎ ﺿﻠﻊ ﻣﺸﺘﺮﮎ ﺭﻧﮓﻫﺎﯼ ﻣﺘﻔﺎﻭﺗﯽ ﺩﺍﺭﻧﺪ .ﮐﻤﺘﺮ ﯾﻦ ﺗﻌﺪﺍﺩ ﻣﻤﮑﻦ ﻣﺮﺑﻊﻫﺎﯼ
ﺳﯿﺎﻩ ﭼﻨﺪ ﺍﺳﺖ؟ )ﻣﺮﺑﻊﻫﺎ ﺑﺎ ﺿﻠﻊ ﻣﺸﺘﺮﮎ ﻣﻤﮑﻦ ﺍﺳﺖ ﻣﺘﻌﻠﻖ ﺑﻪ ﯾﮏ ﻭﺟﻪ ﻣﮑﻌﺐ ﯾﺎ ﺩﻭ ﻭﺟﻪ ﻣﺘﻔﺎﻭﺕ ﺑﺎﺷﻨﺪ(.

] ۸ﺍﻣﺘﯿﺎﺯ[

 .۵ﻓﺮﺽ ﮐﻨﯿﺪ  pﯾﮏ ﻋﺪﺩ ﺻﺤﯿﺢ ﺍﻭﻝ ﺑﺰ ﺭﮔﺘﺮ ﺍﺯ  ۱۰kﺑﺎﺷﺪ .ﭘﻮﯾﺎ ﯾﮏ ﻣﻀﺮﺏ  pﺭﺍ ﻣﯽﮔﯿﺮﺩ ﻭ ﯾﮏ ﻋﺪﺩ ﺻﺤﯿﺢ -kﺭﻗﻤﯽ  Aﺭﺍ
ﺑﯿﻦ ﺩﻭ ﺭﻗﻢ ﻣﺠﺎﻭﺭ ﺁﻥ ﻭﺍﺭﺩ ﻣﯽﮐﻨﺪ .ﻋﺪﺩ ﺣﺎﺻﻞ  Cﻣﺠﺪﺩﺍً ﯾﮏ ﻣﻀﺮﺏ  pﺍﺳﺖ .ﭘﻮﯾﺎ ﯾﮏ ﻋﺪﺩ ﺻﺤﯿﺢ -kﺭﻗﻤﯽ  Bﺭﺍ ﺑﯿﻦ ﺩﻭ
ﺭﻗﻢ ﻣﺠﺎﻭﺭ  Cﮐﻪ ﻣﺘﻌﻠﻖ ﺑﻪ ﻋﺪﺩ ﻭﺍﺭﺩ ﺷﺪﻩ  Aﻫﺴﺘﻨﺪ ﻭﺍﺭﺩ ﻣﯽﮐﻨﺪ ﻭ ﻣﺠﺪﺩﺍً ﯾﮏ ﻣﻀﺮﺏ  pﺑﺪﺳﺖ ﻣﯽﺁﯾﺪ .ﺛﺎﺑﺖ ﮐﻨﯿﺪ ﻋﺪﺩ  Bﺭﺍ
ﻣﯽﺗﻮﺍﻥ ﺍﺯ ﻋﺪﺩ  Aﺑﺎ ﯾﮏ ﺟﺎﯾﮕﺸﺖ ﺍﺯ ﺍﺭﻗﺎﻣﺶ ﺑﺪﺳﺖ ﺁﻭﺭﺩ) .ﯾﻌﻨﯽ ﺑﺎ ﺟﺎ ﺑﻪ ﺟﺎ ﮐﺮﺩﻥ ﺍﺭﻗﺎﻡ ﻋﺪﺩ  Aﻣﯽﺗﻮﺍﻥ ﻋﺪﺩ  Bﺭﺍ ﺑﺪﺳﺖ
ﺁﻭﺭﺩ(.

] ۸ﺍﻣﺘﯿﺎﺯ[

 .۶ﯾﮏ ﺗﻤﯿﺰ ﮐﻨﻨﺪﻩ ﺧﻮﺩﮐﺎﺭ ﺑﻪ ﺷﮑﻞ ﺩﺍﯾﺮﻩ ﺍﺯ ﯾﮏ ﺳﻄﺢ ﺻﺎﻑ ﻋﺒﻮﺭ ﻣﯽﮐﻨﺪ .ﺑﺮﺍﯼ ﻫﺮ ﻧﻘﻄﻪ ﺍﺯ ﻣﺮ ﺯ ﺩﺍﯾﺮﻩﺍﯼ ﺷﮑﻞ ﺁﻥ ،ﯾﮏ ﺧﻂ ﺭﺍﺳﺖ
ﻭﺟﻮﺩ ﺩﺍﺭﺩ ﮐﻪ ﺍﯾﻦ ﻧﻘﻄﻪ ﺭﺍ ﺩﺭ ﻫﺮ ﺯﻣﺎﻥ ﺷﺎﻣﻞ ﻣﯽﺷﻮﺩ .ﺁﯾﺎ ﺍﻟﺰﺍﻣﺎً ﺩﺭﺳﺖ ﺍﺳﺖ ﮐﻪ ﻣﺮﮐﺰ ﺩﺍﯾﺮﻩ ﺩﺭ ﻫﺮ ﺯﻣﺎﻥ ﺭ ﻭﯼ ﯾﮏ ﺧﻂ ﺭﺍﺳﺖ
ﺑﺎﻗﯽ ﻣﯽﻣﺎﻧﺪ؟

] ۹ﺍﻣﺘﯿﺎﺯ[

 .۷ﺍﻟﻒ( ﺗﻌﺪﺍﺩ  ۲n + ۱ﺑﺎﺗﺮﯼ ) (n > ۲ﻭﺟﻮﺩ ﺩﺍﺭﺩ .ﻧﻤﯽﺩﺍﻧﯿﻢ ﮐﺪﺍﻡ ﺑﺎﺗﺮﯼ ﺧﻮﺏ ﻭ ﮐﺪﺍﻡ ﺑﺪ ﺍﺳﺖ ،ﺍﻣﺎ ﻣﯽﺩﺍﻧﯿﻢ ﺗﻌﺪﺍﺩ ﺑﺎﺗﺮﯼﻫﺎﯼ
ﺧﻮﺏ ﯾﮏ ﻭﺍﺣﺪ ﺑﯿﺸﺘﺮ ﺍﺯ ﺗﻌﺪﺍﺩ ﺑﺎﺗﺮﯼﻫﺎﯼ ﺑﺪ ﺍﺳﺖ .ﯾﮏ ﻻﻣﭗ ﺍﺯ ﺩﻭ ﺑﺎﺗﺮﯼ ﺍﺳﺘﻔﺎﺩﻩ ﻣﯽﮐﻨﺪ ﻭ ﻓﻘﻂ ﺩﺭ ﺻﻮﺭﺗﯽ ﮐﺎﺭ ﻣﯽﮐﻨﺪ ﮐﻪ ﻫﺮ
ﺩﻭ ﺑﺎﺗﺮﯼ ﺧﻮﺏ ﺑﺎﺷﻨﺪ .ﺣﺪﺍﻗﻞ ﭼﻨﺪﺑﺎﺭ ﺗﻼﺵ ﮐﺎﻓﯽ ﺍﺳﺖ ﺗﺎ ﻻﻣﭗ ﺑﻄﻮﺭ ﻗﻄﻌﯽ ﮐﺎﺭ ﮐﻨﺪ؟

] ۵ﺍﻣﺘﯿﺎﺯ[

ﺏ( ﻫﻤﯿﻦ ﻣﺴﺎﻟﻪ ﺭﺍ ﭘﺎﺳﺦ ﺩﻫﯿﺪ ﻭﻗﺘﯽ ﺗﻌﺪﺍﺩ ﺑﺎﺗﺮﯼﻫﺎ  (n > ۲) ۲nﻭ ﺗﻌﺪﺍﺩ ﺑﺎﺗﺮﯼﻫﺎﯼ ﺧﻮﺏ ﻭ ﺑﺪ ﺑﺮﺍﺑﺮ ﺑﺎﺷﻨﺪ.

] ۵ﺍﻣﺘﯿﺎﺯ[

:ﺷﻤﺎﺭﻩ ﮔﺮ ﻭﻩ
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ﺧﺎﻧﻪ ﺭ ﯾﺎﺿﯿﺎﺕ ﺍﺻﻔﻬﺎﻥ
(۱ ﻣﺴﺎﺑﻘﻪ ﺗﯿﻤﯽ )ﺳﻄﺢ ﭘﯿﺸﺮﻓﺘﻪ
۱۳۹۴ ﺍﺳﻔﻨﺪ

(The result is computed from the three problems with the highest scores, the scores for the individual parts of a
single problem are summed up.)
points problems
1.
All integers from 1 to one million are written on a tape in some arbitrary order. Then the tape
is
cut into pieces containing two consecutive digits each. Prove that these pieces contain all
4
two-digit integers for sure, regardless of the initial order of integers.

2
3

6

2.
a)
b)

3.

Given a square with side 10. Cut it into
√ 100 congruent quadrilaterals such that each of them
is inscribed into a circle with diameter 3.

4.

A designer took a wooden cube 5 × 5 × 5, divided each face into unit squares and painted each
square black, white or red so that any two squares with a common side have diﬀerent colours.
What is the least possible number of black squares? (Squares with a common side may belong
to the same face of the cube or to two diﬀerent faces.)

5.

Let p be a prime integer greater than 10k . Pete took some multiple of p and inserted a k-digit
integer A between two of its neighbouring digits. The resulting integer C was again a multiple
of p. Pete inserted a k-digit integer B between two of neighbouring digits of C belonging to
the inserted integer A, and the result was again a multiple of p. Prove that the integer B can
be obtained from the integer A by a permutation of its digits.

6.

An automatic cleaner of the disc shape has passed along a plain ﬂoor. For each point of its
circular boundary there exists a straight line that has contained this point all the time. Is it
necessarily true that the center of the disc stayed on some straight line all the time?

8

8

9

7.
a)
5

5

Do there exist integers a and b such that
the equation x2 + ax + b = 0 has no real roots, and the equation [x2 ] + ax + b = 0 has at least
one real root?
the equation x2 + 2ax + b = 0 has no real roots, and the equation [x2 ] + 2ax + b = 0 has at
least one real root?
(By [k] we denote the integer part of k, that is, the greatest integer not exceeding k.)

b)

There are 2n + 1 (n > 2) batteries. We don’t know which batteries are good and which are bad
but we know that the number of good batteries is greater by 1 than the number of bad ones. A
lamp uses two batteries, and it works only if both batteries are good. What is the least number
of attempts suﬃcient to make the lamp work for sure?
The same problem but the total number of batteries is 2n (n > 2) and the numbers of good
and bad batteries are equal.

ﻣﺴﺎﺑﻘﻪ ﺗﯿﻤﯽ )ﺳﻄﺢ ﭘﯿﺸﺮﻓﺘﻪ (۱
ﺍﺳﻔﻨﺪ ۱۳۹۴

ﺷﻤﺎﺭﻩ ﮔﺮ ﻭﻩ:

ﺧﺎﻧﻪ ﺭ ﯾﺎﺿﯿﺎﺕ ﺍﺻﻔﻬﺎﻥ
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)ﻟﻄﻔﺎ ﭘﻴﺶ ﺍﺯ ﺷﺮ ﻭﻉ ،ﺻﻔﺤﻪ ﺍﻭﻝ ﭘﺎﺳﺦﻧﺎﻣﻪ ﺭﺍ ﺑﺎ ﺩﻗﺖ ﻣﻄﺎﻟﻌﻪ ﮐﻨﻴﺪ(.
 .۱ﻫﻤﻪ ﺍﻋﺪﺍﺩ ﺻﺤﯿﺢ ﺍﺯ  ۱ﺗﺎ ﯾﮏ ﻣﯿﻠﯿﻮﻥ ﺭ ﻭﯼ ﯾﮏ ﻧﻮﺍﺭ ﺑﺎ ﯾﮏ ﺗﺮﺗﯿﺐ ﺩﻟﺨﻮﺍﻩ ﻧﻮﺷﺘﻪ ﺷﺪﻩ ﺍﺳﺖ .ﺳﭙﺲ ﻧﻮﺍﺭ ﺑﻪ ﺗﮑﻪﻫﺎﯾﯽ ﺑﺮ ﯾﺪﻩ
ﻣﯽﺷﻮﺩ ﮐﻪ ﻫﺮ ﺗﮑﻪ ﺷﺎﻣﻞ ﺩﻭ ﺭﻗﻢ ﻣﺘﻮﺍﻟﯽ ﺍﺳﺖ .ﺛﺎﺑﺖ ﮐﻨﯿﺪ ﺍﯾﻦ ﺗﮑﻪﻫﺎ ،ﺻﺮﻑ ﻧﻈﺮ ﺍﺯ ﺗﺮﺗﯿﺐ ﺍﻭﻟﯿﻪ ﺍﻋﺪﺍﺩ ،ﻗﻄﻌﺎً ﺷﺎﻣﻞ ﻫﻤﻪ ﺍﻋﺪﺍﺩ
ﺩﻭ ﺭﻗﻤﯽ ﻫﺴﺘﻨﺪ.
 .۲ﯾﮏ ﻣﺮﺑﻊ ﺑﺎ ﺿﻠﻊ  ۱۰ﺩﺍﺩﻩ ﺷﺪﻩ ﺍﺳﺖ .ﺍﯾﻦ ﻣﺮﺑﻊ ﺭﺍ ﺑﻪ  ۱۰۰ﭼﻬﺎﺭﺿﻠﻌﯽ ﻫﻢﻧﻬﺸﺖ ﺑﺒﺮ ﯾﺪ ﺑﻄﻮﺭﯼ ﮐﻪ ﻫﺮ ﮐﺪﺍﻡ ﺍﺯ ﭼﻬﺎﺭﺿﻠﻌﯽﻫﺎ
√
ﺩﺭ ﯾﮏ ﺩﺍﯾﺮﻩ ﺑﻪ ﻗﻄﺮ  ۳ﻣﺤﺎﻁ ﺷﻮﺩ.

] ۴ﺍﻣﺘﯿﺎﺯ[

] ۵ﺍﻣﺘﯿﺎﺯ[

 .۳ﻓﺮﺽ ﮐﻨﯿﺪ  Mﻭﺳﻂ ﺿﻠﻊ  ACﺍﺯ ﯾﮏ ﻣﺜﻠﺚ ﻣﺘﺴﺎﻭﯼ ﺍﻟﺴﺎﻗﯿﻦ  ABCﺑﺎﺷﺪ ) .(AB = BCﻧﻘﺎﻁ  Eﻭ  Fﺑﻪ ﺗﺮﺗﯿﺐ ﺭ ﻭﯼ ﺍﺿﻼﻉ
 ABﻭ  BCﺍﻧﺘﺨﺎﺏ ﺷﺪﻩﺍﻧﺪ ﺑﻪﻃﻮﺭﯼ ﮐﻪ  AE ̸= CFﻭ  .∠F M C = ∠M EF = αﻣﻘﺪﺍﺭ  ∠AEMﺭﺍ ﺗﻌﯿﯿﻦ ﮐﻨﯿﺪ.

] ۶ﺍﻣﺘﯿﺎﺯ[

 ۶۴ .۴ﺷﻬﺮ ﺩﺭ ﯾﮏ ﮐﺸﻮﺭ ﻭﺟﻮﺩ ﺩﺍﺭﺩ ﻭ ﺑﺮﺧﯽ ﺍﺯ ﺟﻔﺖ ﺷﻬﺮﻫﺎ ﺑﺎ ﺟﺎﺩﻩ ﺑﻪ ﻫﻢ ﻣﺘﺼﻞ ﺷﺪﻩﺍﻧﺪ ﻭﻟﯽ ﻣﺎ ﻧﻤﯽﺩﺍﻧﯿﻢ ﮐﺪﺍﻡ ﺟﻔﺖﻫﺎ .ﻣﺎ
ﻣﯽﺗﻮﺍﻧﯿﻢ ﻫﺮ ﺟﻔﺖ ﺍﺯ ﺷﻬﺮﻫﺎ ﺭﺍ ﺍﻧﺘﺨﺎﺏ ﮐﺮﺩﻩ ﻭ ﺳﻮﺍﻝ ﮐﻨﯿﻢ ﺁﯾﺎ ﺑﺎ ﺟﺎﺩﻩ ﺑﻬﻢ ﻭﺻﻞﺍﻧﺪ ﯾﺎ ﻧﻪ .ﻫﺪﻑ ﻣﺎ ﺍﯾﻦ ﺍﺳﺖ ﮐﻪ ﺑﻔﻬﻤﯿﻢ ﺁﯾﺎ
ﻣﯽﺗﻮﺍﻥ ﺑﺎ ﺍﺳﺘﻔﺎﺩﻩ ﺍﺯ ﺟﺎﺩﻩﻫﺎ ﺑﯿﻦ ﻫﺮ ﺩﻭ ﺷﻬﺮ ﺳﻔﺮ ﮐﺮﺩ .ﺛﺎﺑﺖ ﮐﻨﯿﺪ ﻫﯿﭻ ﺍﻟﮕﻮﺭ ﯾﺘﻤﯽ ﻭﺟﻮﺩ ﻧﺪﺍﺭﺩ ﮐﻪ ﺑﺘﻮﺍﻧﺪ ﺍﯾﻦ ﮐﺎﺭ ﺭﺍ ﺑﺎ ﮐﻤﺘﺮ ﺍﺯ
 ۲۰۱۶ﺳﻮﺍﻝ ﺍﻧﺠﺎﻡ ﺩﻫﺪ.

] ۸ﺍﻣﺘﯿﺎﺯ[

 .۵ﺭ ﻭﯼ ﯾﮏ ﺗﺨﺘﻪﺳﯿﺎﻩ ﺗﻌﺪﺍﺩﯼ ﭼﻨﺪﺟﻤﻠﻪﺍﯼ ﺍﺯ ﺩﺭﺟﻪ  ۳۷ﻧﻮﺷﺘﻪ ﺷﺪﻩ ﺍﺳﺖ ﮐﻪ ﺩﺭ ﻫﺮ ﮐﺪﺍﻡ ﺿﺮ ﯾﺐ ﺑﺰ ﺭﮔﺘﺮ ﯾﻦ ﺩﺭﺟﻪ ﺑﺮﺍﺑﺮ ﯾﮏ ﺍﺳﺖ.
ﺩﺭ ﺍﺑﺘﺪﺍ ﻫﻤﻪ ﺿﺮﺍﯾﺐ ﻫﺮ ﭼﻨﺪﺟﻤﻠﻪﺍﯼ ﻧﺎﻣﻨﻔﯽ ﻫﺴﺘﻨﺪ .ﺩﺭ ﻫﺮ ﺣﺮﮐﺖ ﻣﯽﺗﻮﺍﻧﯿﻢ ﯾﮏ ﺟﻔﺖ ﭼﻨﺪﺟﻤﻠﻪﺍﯼ  fﻭ  gﺭﺍ ﭘﺎﮎ ﮐﻨﯿﻢ ﻭ
ﺁﻥ ﺭﺍ ﺑﺎ ﯾﮏ ﺟﻔﺖ ﭼﻨﺪﺟﻤﻠﻪﺍﯼ ﺩﯾﮕﺮ  f۱ﻭ  g۱ﺍﺯ ﺩﺭﺟﻪ  ۳۷ﺑﺎ ﺿﺮ ﯾﺐ ﺑﺰ ﺭﮔﺘﺮ ﯾﻦ ﺩﺭﺟﻪ ﯾﮏ ﺟﺎﯾﮕﺰﯾﻦ ﻣﯽﮐﻨﯿﻢ ،ﺑﻪﻃﻮﺭﯼ ﮐﻪ ﯾﺎ
 f۱ + g۱ = f + gﯾﺎ  .f۱ g۱ = f gﺛﺎﺑﺖ ﮐﻨﯿﺪ ﻏﯿﺮﻣﻤﮑﻦ ﺍﺳﺖ ﺑﻌﺪ ﺍﺯ ﭼﻨﺪﺑﺎﺭ ﺗﮑﺮﺍﺭ ﺍﯾﻦ ﺣﺮﮐﺖ ،ﻫﻤﻪ ﭼﻨﺪﺟﻤﻠﻪﺍﯼﻫﺎﯼ ﺭ ﻭﯼ
ﺗﺨﺘﻪﺳﯿﺎﻩ  ۳۷ﺭ ﯾﺸﻪ ﻣﺜﺒﺖ ﻣﺘﻤﺎﯾﺰ ﺩﺍﺷﺘﻪ ﺑﺎﺷﻨﺪ.

] ۸ﺍﻣﺘﯿﺎﺯ[

 .۶ﯾﮏ ﻭﺍﺭ ﻭﺧﻮﺍﻥ ﮐﻠﻤﻪﺍﯼ ﺍﺳﺖ ﮐﻪ ﻭﻗﺘﯽ ﻣﺴﺘﻘﯿﻢ ﯾﺎ ﺑﺮﻋﮑﺲ ﺧﻮﺍﻧﺪﻩ ﻣﯽﺷﻮﺩ ،ﯾﮑﯽ ﺍﺳﺖ.
ﺍﻟﻒ( ﻧﺎﻣﺘﻨﺎﻫﯽ ﮐﺎﺭﺕ ﺑﺎ ﮐﻠﻤﻪﻫﺎﯼ  bca ،abcﻭ  cabﻭﺟﻮﺩ ﺩﺍﺭﺩ .ﯾﮏ ﮐﻠﻤﻪ ﺑﺎ ﺍﺳﺘﻔﺎﺩﻩ ﺍﺯ ﺍﯾﻦ ﮐﺎﺭﺕﻫﺎ ﺑﻪﺻﻮﺭﺕ ﺯﯾﺮ ﺳﺎﺧﺘﻪ ﻣﯽﺷﻮﺩ.
ﮐﻠﻤﻪ ﺍﻭﻝ ﯾﮏ ﮐﺎﺭﺕ ﺩﻟﺨﻮﺍﻩ ﺍﺳﺖ .ﺩﺭ ﻫﺮ ﮔﺎﻡ ﯾﺎ ﯾﮏ ﮐﺎﺭﺕ ﺭﺍ )ﺍﺯ ﭼﭗ ﯾﺎ ﺭﺍﺳﺖ( ﺑﻪ ﮐﻠﻤﻪ ﻣﻮﺟﻮﺩ ﻣﯽﭼﺴﺒﺎﻧﯿﻢ ﯾﺎ ﺑﯿﻦ ﺩﻭ ﺗﺎ ﺍﺯ
ﺣﺮ ﻭﻑ ﺁﻥ ﺭﺍ ﻣﯽﺑﺮ ﯾﻢ ﻭ ﯾﮏ ﮐﺎﺭﺕ ﺑﯿﻦ ﺩﻭ ﺑﺨﺶ ﻣﯽﭼﺴﺒﺎﻧﯿﻢ ﺗﺎ ﯾﮏ ﮐﻠﻤﻪ ﺟﺪﯾﺪ ﺑﺪﺳﺖ ﺁﯾﺪ .ﺁﯾﺎ ﻣﯽ ﺗﻮﺍﻥ ﺑﺎ ﺍﯾﻦ ﺭ ﻭﺵ ﯾﮏ
ﻭﺍﺭ ﻭﺧﻮﺍﻥ ﺩﺭﺳﺖ ﮐﺮﺩ؟

] ۴ﺍﻣﺘﯿﺎﺯ[

ﺏ( ﺗﻌﺪﺍﺩ ﻧﺎﻣﺘﻨﺎﻫﯽ ﮐﺎﺭﺕ ﻗﺮﻣﺰ ﺑﺎ ﮐﻠﻤﺎﺕ  bca ،abcﻭ  cabﻭ ﮐﺎﺭﺕ ﺁﺑﯽ ﺑﺎ ﮐﻠﻤﺎﺕ  acb ،cbaﻭ  bacﻭﺟﻮﺩ ﺩﺍﺭﻧﺪ .ﯾﮏ ﻭﺍﺭ ﻭﺧﻮﺍﻥ
ﺍﺯ ﺍﯾﻦ ﮐﺎﺭﺕﻫﺎ ﺑﺎ ﺭ ﻭﺵ ﺗﻮﺿﯿﺢ ﺩﺍﺩﻩ ﺷﺪﻩ ﺩﺭ ﺍﻟﻒ ﺑﺪﺳﺖ ﺁﻣﺪﻩ ﺍﺳﺖ .ﺁﯾﺎ ﻟﺰ ﻭﻣﺎً ﺗﻌﺪﺍﺩ ﮐﺎﺭﺕﻫﺎﯼ ﺁﺑﯽ ﻭ ﻗﺮﻣﺰ ﺍﺳﺘﻔﺎﺩﻩ ﺷﺪﻩ ﺑﺮﺍﺑﺮ
ﺍﺳﺖ؟

] ۶ﺍﻣﺘﯿﺎﺯ[

 .۷ﯾﮏ ﺳﯿﺎﺭﻩ ﮐﺮ ﻭﯼ ﺩﺍﺭﺍﯼ ﻃﻮﻝ ﺍﺳﺘﻮﺍﯼ ﺑﺮﺍﺑﺮ ﺑﺎ ﯾﮏ ﺍﺳﺖ .ﺭ ﻭﯼ ﺍﯾﻦ ﺳﯿﺎﺭﻩ ﻗﺮﺍﺭ ﺍﺳﺖ  Nﻣﺴﯿﺮ ﺩﻭﺍﺭ ﺑﻪ ﻃﻮﻝ  ۱ﺳﺎﺧﺘﻪ ﺷﻮﺩ ﮐﻪ
ﻫﺮﮐﺪﺍﻡ ﺑﺮﺍﯼ ﺗﻌﺪﺍﺩﯼ ﻗﻄﺎﺭ ﺍﺳﺘﻔﺎﺩﻩ ﻣﯽﺷﻮﺩ .ﻗﻄﺎﺭﻫﺎ ﺑﺎﯾﺪ ﺳﺮﻋﺖ ﺛﺎﺑﺖ ﻣﺜﺒﺖ ﻭ ﯾﮑﺴﺎﻥ ﺩﺍﺷﺘﻪ ﺑﺎﺷﻨﺪ ﻭ ﻫﺮﮔﺰ ﻣﺘﻮﻗﻒ ﻧﻤﯽﺷﻮﻧﺪ ﻭ
ﺑﺎﻫﻢ ﺑﺮﺧﻮﺭﺩ ﻧﻤﯽﮐﻨﻨﺪ .ﺑﯿﺸﺘﺮ ﯾﻦ ﻣﺠﻤﻮﻉ ﻃﻮﻝ ﻫﻤﻪ ﻗﻄﺎﺭﻫﺎ ﭼﻘﺪﺭ ﺍﺳﺖ؟ ﻗﻄﺎﺭﻫﺎ ﮐﻤﺎﻥﻫﺎﯾﯽ ﺑﺎ ﻋﺮﺽ ﺻﻔﺮ ﻫﺴﺘﻨﺪ ﮐﻪ ﻧﻘﺎﻁ ﺍﻧﺘﻬﺎﯾﯽ
ﺁﻥﻫﺎ ﺣﺬﻑ ﺷﺪﻩﺍﻧﺪ )ﺑﻨﺎﺑﺮﺍﯾﻦ ﺍﮔﺮ ﻓﻘﻂ ﻧﻘﺎﻁ ﺍﻧﺘﻬﺎﯼ ﺩﻭ ﮐﻤﺎﻥ ﻣﻨﻄﺒﻖ ﺑﺎﺷﻨﺪ ﺑﺮﺧﻮﺭﺩ ﺍﺗﻔﺎﻕ ﻧﯿﻔﺘﺎﺩﻩ ﺍﺳﺖ( .ﻣﺴﺎﻟﻪ ﺭﺍ ﺑﺮﺍﯼ ﻣﻘﺎﺩﯾﺮ
ﺯﯾﺮ ﺣﻞ ﮐﻨﯿﺪ.
ﺍﻟﻒ( .N = ۳

] ۴ﺍﻣﺘﯿﺎﺯ[

ﺏ( .N = ۴

] ۶ﺍﻣﺘﯿﺎﺯ[

:ﺷﻤﺎﺭﻩ ﮔﺮ ﻭﻩ
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(The result is computed from the three problems with the highest scores, the scores for the individual parts of a
single problem are summed.)
points problems
1.
All integers from 1 to one million are written on a tape in some arbitrary order. Then the tape
is
cut into pieces containing two consecutive digits each. Prove that these pieces contain all
4
two-digit integers for sure, regardless of the initial order of integers.
5

2.

Given a square with side 10. Cut it into
√ 100 congruent quadrilaterals such that each of them
is inscribed into a circle with diameter 3.

3.

Let M be the midpoint of the base AC of an isosceles triangle ABC. Points E and F on the
sides AB and BC respectively are chosen so that AE ̸= CF and ∠F M C = ∠M EF = α.
Determine ∠AEM .

4.

There are 64 towns in a country, and some pairs of towns are connected by roads but we don’t
know these pairs. We may choose any pair of towns and ﬁnd out whether they are connected
by a road. Our aim is to determine whether it is possible to travel between any two towns
using roads. Prove that there is no algorithm which would enable us to do this in less than
2016 questions.

5.

On a blackboard, several polynomials of degree 37 are written, each of them has the leading
coeﬃcient equal to 1. Initially all coeﬃcients of each polynomial are non-negative. By one move
it is allowed to erase any pair of polynomials f , g and replace it by another pair of polynomials
f1 , g1 of degree 37 with the leading coeﬃcients equal to 1 such that either f1 + g1 = f + g or
f1 g1 = f g. Prove that it is impossible that after some move each polynomial on the blackboard
has 37 distinct positive roots.

6.
a)

Recall that a palindrome is a word which is the same when we read it forward or backward.
We have an inﬁnite number of cards with words “abc”, “bca”, “cab”. A word is made from
them in the following way. The initial word is an arbitrary card. At each step we obtain a new
word either gluing a card (from the right or from the left) to the existing word or making a cut
between any two of its letters and gluing a card between both parts. Is it possible to obtain a
palindrome this way?
We have an inﬁnite number of red cards with words “abc”, “bca”, “cab” and of blue cards with
words “cba”, “acb”, “bac”. A palindrome was formed from them in the same way as in part (a).
Is it necessarily true that the number of red and blue cards used was equal?

6

8

8

4

b)
6

7.

4
6

a)
b)

A spherical planet has the equator of length 1. On this planet, N circular roads of length 1
each are to be built and used for several trains each. The trains must have the same constant
positive speed and never stop or collide. What is the greatest possible sum of lengths of all the
trains? The trains are arcs of zero width with endpoints removed (so that if only endpoints of
two arcs have coincided then it is not a collision). Solve the problem for
N = 3;
N = 4.

