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(The result is computed from the three problems with the highest scores; the scores for the individual parts of a
single problem are summed.)
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Several positive integers are written on a blackboard. The sum of any two of them is a
positive integer power of two (for example, 2,4,8, ...). What is the maximal possible number
of different integers on the blackboard?

A boy and a girl were sitting on a long bench. Then twenty more children one after another
came to sit on the bench, each taking a place between already sitting children. Let us call a
girl brave if she sat down between two boys, and let us call a boy brave if he sat down
between two girls. It happened, that in the end all girls and boys were sitting in the
alternating order. Is it possible to uniquely determine the number of brave children?

A point in the plane is called a node if both its coordinates are integers. Consider a triangle
with vertices at nodes containing at least two nodes inside. Prove that there exists a pair of
internal nodes such that a straight line connecting them either passes through a vertex or is
parallel to side of the triangle.

Integers 1,2, ...,100 are written on a circle, not necessarily in that order. Can it be that the
absolute value of the difference between any two adjacent integers is at least 30 and at
most 507?

On an initially colorless plane three points are chosen and marked in red, blue and yellow.
At each step two points marked in different colors are chosen. Then one more point is
painted in the third color so that these three points form a regular triangle with the vertices
colored clockwise in “red, blue, yellow”. A point already marked may be marked again so
that it may have several colors. Prove that for any number of moves all the points
containing the same color lie on the same line.

There are five distinct real positive numbers. It is known that the total sum of squares and
the total sum of ten pairwise products of these numbers are equal.

Prove that we can choose three numbers such that it would not be possible to make a
triangle with sides' lengths equal to these numbers.

Prove that the number of such triples is at least six (triples which consist of the same
numbers in different order are considered the same).

The King decided to reduce his Council consisting of thousand wizards. He placed them in a
line and placed hats with numbers from 1 to 1001 on their heads not necessarily in this
order (one hat was hidden). Each wizard can see the numbers on the hats of all those
before him but not on himself or on anyone who stayed behind him. By King's command,
starting from the end of the line each wizard calls one integer from 1 to 1001 so that every
wizard in the line can hear it. No number can be repeated twice.

In the end each wizard who fails to call the number on his hat is removed from the Council.
The wizards knew the conditions of testing and could work out their strategy prior to it.

Can the wizards work out a strategy which guarantees that more than 500 of them remain
in the Council?

Can the wizards work out a strategy which guarantees that at least 999 of them remain in
the Council?



