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Grades 8 — 9 (ages 13 — 15)
(The result is computed from the three problems with the highest scores;
the scores for the individual parts of a single problem are summed up.)

points

10

12

problems

1.

There were 12 students at a physical education class, all students of different strength. The coach divided
them into teams of 6 students. He did so 10 times, and each time the division was new. The teams played
tug-of-war. Could it so happen that all 10 games resulted in a draw (i.e. total strengths of the students
in both teams were equal each time)?

Prove that among the vertices of any convex nonagon there are three vertices that form an obtuse triangle,
neither side of which coincides with a side of the nonagon.

There is a pile of 100 stones. There are two players. The first one picks 1 stone, then the second one picks
1 or 2 stones, then the first one picks 1, 2 or 3 stones, then the second one picks 1, 2, 3 or 4 stones and so
on. The one picking the last stone wins. Which player can ensure his victory regardless of the opponent’s
strategy?

Tom chose a positive irreducible fraction x = 2*. One can choose a positive fraction y, less than 1, and
Tom will tell the numerator of the irreducible fraction equal to the sum x 4+ y. How to determine x for
sure in two such actions?

There are 9 vertical pillars standing in a row. There are horizontal sticks in some places between
neighboring pillars, neither two of which are at the same height. The beetle crawls upwards, and whenever
it reaches a stick, it crawls along it to the neighboring pillar and carries on to crawl upwards. It is known
that if the beetle starts from the bottom of the first pillar then it ends up at the pillar nine. Is it always
possible to remove one of the sticks so that the beetle would end up on top of the pillar five? (For instance,
if the sticks are positioned as in the picture, then the beetle will follow the solid line. If the third stick on
the way of the beetle is removed, the beetle will crawl along the dotted line.)

1 2 3 4 5 6 7 8 9

The points M and N, P and @ are marked on the circumcircle of the triangle ABC. They are the
midpoints of the circle arcs BAC, CBA, BC and AC respectively. The circle w; is tangent to the side
BC' at the point A; and tangent to the extensions of the sides AC' and AB. The circle ws is tangent to
the side AC' at the point B; and tangent to the extensions of the sides BA and BC'. It turned out that
A belongs to the segment N P. Prove that B; belongs to the segment M Q.

Distinct real numbers are printed on 99 cards, one number on each card. Their total sum is irrational. A
pile of 99 cards is called unfortunate if for every k from 1 to 99 the sum of numbers on k& upper cards is
irrational. Tom has calculated the number of all possible ways to put the cards into an unfortunate pile.
What is the minimal number Tom could obtain?
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(The result is computed from the three problems with the highest scores;
the scores for the individual parts of a single problem are summed up.)
points  problems
4 1. Find all pairs of positive integers m and n such that m!! = nl. (Double factorial m!! is the product of all
positive integers not exceeding m and having the same parity as m. For example, 5!! = 15, 6!l = 48).
2. A finite set of disks with radius 1 is located in the space. These disks may intersect but they do not contain
6 centers of each other. In the center of every disk, a lamp is switched on. It spreads light in all directions.
Could it so happen that every ray of light emitted from the center of any disk would meet some other
disk?
3. A single number is written in each cell of N x N table. Let us call a cell C good if some cell neighboring C
7 by side contains the number greater by 1 than the number in C, and another cell neighboring C' by side
contains the number greater by 3 than the number in C. What is the greatest possible number of good
cells?
4. Two equal circles w; and wy with centers at
O; and O are given. The points X and Y are
chosen on the segment 0105 so that O1Y =
3 O2X. The points A and B belong to wy, and
the line AB contains X. The points C' and
D belong to wo, and the line C'D contains Y.
Prove that there is a circle tangent to the lines
AOl, BOl, COQ and DOQ.
10 5. A polynomial of degree n > 0 has integer non-zero coefficients, each of which is its root. Prove that this
polynomial cannot have coefficients other than 1, —1 and —2.
6. Harry has a magic flute which can only play two notes: “B” and “C”. In order to win he has to play 300
random notes. But before he starts playing, Lord Voldemort declares arbitrary melodies as forbidden:
12 one of five notes, one of six notes, ..., one of thirty notes. If at any moment the last played notes form
a forbidden melody, the flute stops playing and Harry looses. Can Harry win regardless of the melodies
forbidden by the Lord Voldemort?
7.  Here a stripe will mean a checkered polygon which can be passed
starting from some its cell and moving only in two directions,
upwards or rightwards. Several equal stripes of this form may be
12

with the following property: if we join k such stripes inserting them
consecutively one into another, then the resulting polygon can be
split along the grid lines into two equal parts. (See an example at
the picture.)

inserted one into another by shifts by the vector (—1,1). Prove that
for any stripe consisting of even number of cells there exists an odd &



