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Grades 8 — 9 (ages 13 — 15)

(The result is computed from the three problems with the highest scores; the scores for the individual parts of a
single problem are summed up.)

points

problems

1. The teacher has chosen two different figures from {1, 2, 3, ..., 9}. Nick intends to find a seven-digit
number divisible by 7 such that its decimal representation contains no figures besides these two. Is
this possible for each teacher’s choice?

2. In a 2025 x 2025 table, several cells are marked. At each move, Cyril can get to know the number of
marked cells in any checkered square inside the initial table, with side less than 2025. What is the
minimal number of moves, which allows to determine the total number of marked cells for sure?

3. In a triangle ABC with right angle C, the altitude
CH is drawn. An arbitrary circle passing through
points C' and H meets the segments AC, CB and BH
for the second time at points @, P and R respectively.

Segments HP and CR meet at point 7. What is
greater: the area of triangle C'PT or the sum of areas
of triangles CQH and HT R? B

4.  Given 2N real numbers. It is known that if they are arbitrarily divided into two groups of N numbers
each then the products of the numbers of each group differ by 2 at most. Is it necessarily true that if
we arbitrarily place these numbers along a circle then there are two neighboring numbers that differ
by 2 at most, for

a) N =50

b) N =257

5. Given 15 coins of the same appearance. It is known that one of them weighs 1 g, two coins weigh 2 g
each, three coins weigh 3 g each, four coins weigh 4 g each, and five coins weigh 5 g each. There are
inscriptions on the coins, indicating their weight. It is allowed to perform two weighings on a balance
without additional weights. Find a way to check that there are no wrong inscriptions.

(It is not required to check which inscriptions are wrong and which ones are correct.)

6.  An equilateral triangle is dissected into white and black triangles. It is known that all white triangles
are right-angled and mutually congruent, and all black triangles are isosceles and also mutually
congruent. Is it necessarily true that

a) all angles of white triangles are multiples of 30°;

b) all angles of black triangles are multiples of 30°7

7. The hostess takes a piece of meat from the fridge; kittens gather around her. Each minute, the hostess
cuts a part from the piece and feeds it to one of the kittens (on her choice). Each time, the cut part
is in the same proportion to the current piece. At some moment, the hostess puts the rest of the meat
into the fridge. Can the hostess give the same amount of meat in total to each kitten if

a)  the number of kittens equals two;

b)  the number of kittens equals three?
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Grades 10 — 11 (ages 15 and older)

(The result is computed from the three problems with the highest scores.)

points  problems

1. Does there exist a positive number z > 1 such that

{z} > {22} > {23} > ... > {2100)?

5
(Here {z} is the fractional part of x, that is, the difference between z and the maximal integer not
exceeding x.)
2. Given two triangular pyramids with common base ABC'". Their vertices S and R are at different sides
6 from the plane ABC. It occurs that the edges SA, SB, SC of the first pyramid are parallel to the faces
BCR, ACR, ABR respectively of the second pyramid. Prove that the volume of one of the pyramids
equals the doubled volume of the other one.
3. Is it possible to put an infinite number of chess knights on the infinite
7 checkered plane (one knight in a cell at most) so that each knight takes
5 others?
(Recall that a chess knight takes 8 cells as is shown in the picture.)
4. The currency of some country is tugrik, and there are only banknotes of two integer denominations.
Both the seller and the buyer have sufficiently many banknotes of both denominations, but in every
8 payment they have to use together k banknotes at most (including change from the delivered sum).
It is known that any integer sum from 1 to n tugriks can be paid at once in such a way. What is the
maximal possible n (depending on k)? 4
5. The altitudes AA;, BBy, CC; of an acute-angled B
triangle ABC' intersect at point H. The bisectors of
10 angles B and C of triangle BHC' meet the segments )

CH and BH at points X and Y respectively. Denote
the value of the angle X A1Y by a. Define 8 and ~ H
similarly. Find the sum a + 8 + 7.

A c

B
6. Baron Munchausen asserts that there exist a polynomial f(z) with integer coefficients and positive
10 integers m and n such that the following property holds: f(m) is not a multiple of n, but f(p*) is a
multiple of n for every prime p and for every positive integer k. Isn’t Baron wrong?

7. Alice paints each cell of a 2m x 2n board black or white so that the cells of each color form a
polygon. Then Bob dissects the board into dominoes (rectangles consisting of two cells). Alice wants
to maximize the number of two-colored dominoes, and Bob wishes to minimize it. What maximal
number of two-colored dominoes can be guaranteed by Alice regardless of Bob’s moves?

(Recall that the boundary of a polygon is a closed broken line without self-intersections.)

12



